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Abstract 

We explore the physics of supersymmetric Janus gauge theories in four 
dimensions with spatial dependent coupling constants e 2 and 6. For 
the 8 supersymmetric case, we study the vacuum and Bogomol'nyi- 
Prasad-Sommerfield spectrum, and the physics of a sharp interface 
where the couple constants jump. We also find less supersymmetric 
cases either due to additional expressions in the Lagrangian or to the 
fact that coupling constants depend on additional spatial coordinates. 



1 Introduction and Conclusion 



There has been some interest in the Janus-type field theory where the cou- 
pling constants are dependent on space [JJ. What is exciting about this 
subject is that some of supersymmetry of the original theory can be pre- 
served even when the coupling constants are spatially dependent once some 
corrections are made on the Lagrangian and the supersymmetric transforma- 
tion. Such field theories appear naturally in the context of AdS-geometry [2] . 
Recently, a Janus-type field theory has been discovered in the intersecting 
D3-(p, q) 5 brane [3], H]. The field theory on D3 branes can have a spatially 
dependent complex coupling r = 9/2n + 4ni/e 2 , preserving half of original 
16 supersymmetries. 

In this work we explore further these theories and generalize them, ex- 
tending our previous work [5]. We first study the vacuum and Bomomol'yni- 
Prasad-Sommerfield (BPS) configurations. We also study the wave and dy- 
onic physics near a sharp interface, which acts like an axionic domain wall. 
We also find additional supersymmetry breaking Janus theories. 

The original Janus solution in Ref. [2] is a 1-parameter family of dilatonic 
deformations of AdS^ space without supersymmetry. The Janus solution is 
made of two Minkowski spaces joined along an interface so that the dilaton 
field interpolates two asymptotic values at two spaces. The CFT dual field 
theory is suggested to be the deformation of the Yang-Mills theory where the 
coupling constant changes from one region to another region [2]. 

Further works revealed that one can have supersymmetric Janus geome- 
tries with the various supersymmetries and internal symmetries [6l [71 l8l |9| [TO] . 
Starting from the 16 supersymmetric Yang-Mills theory, the various defor- 
mations of 2, 4, 8 supersymmetries have been foundpQ. Especially, the 16 
supersymmetric Janus geometries have been found [SICE], where both dila- 
ton and axion fields vary along a spatial direction. Also, other aspects of the 
Janus solutions have been discussed in Refs. [UJ, [121 CHS O EES] • 

In our previous work we investigated in detail the vacuum and BPS 
structure of the supersymmetric Janus theory for the case where only e 2 
depends on the spatial coordinates and found that there can be a new type 
of classical vacua, which are characterized by the Nahm equation when there 
are planes where the coupling constant e 2 vanishes. In a later work [3], 
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such vacua were shown to arise naturally when D3 branes intersects with D5 
branes. In addition, we have found all supersymmetric Janus field theories 
where the coupling constant e 2 depends on other spatial coordinates. 

In this work we repeat a similar analysis for the case where r depends 
on spatial coordinates. In Refs. [3111], the SL(2,Z) transformation and the 
brane picture were an important tool to explore Janus-type field theories. 
Especially the vacuum structure was explored in the detail. However, one 
can still ask whether there is nontrivial classical vacua besides the usual 
Coulomb vacua in our case. Our analysis shows that if such vacua exist, 
they would break the supersymmetry further to only two. However, the 
generalization of the Nahm equation is too complicated at this moment. The 
BPS objects are dyonic objects, and their characterization is equally or more 
complicated than the previous case. In the presence of the 9 term, dyons 
would carry additional electric charge due to Witten effect [15] . 

One interesting simplification is a sharp interface where the coupling con- 
stant r jumps from one constant value to another in a very small region. As 
the 9 angle jumps, such interface can be interpreted partially as an axionic 
domain wall [T7J [TS] . Electromagnetic wave reflected or transmitted through 
such a wall would have rotated polarization. We calculate the reflection and 
transmission coefficient. We fully investigate the 1/2 BPS dyonic object near 
the wall, ignoring the non-Abelian core. 

A full classification of four- dimensional Janus gauge theory with par- 
tially conserved supersymmetry with spatial dependent coupling e 2 (x,y,z) 
has been done in our previous paper [5]. We think that the same classifica- 
tion works also for the present case with r(x, y, z), and have worked out all 
cases in detail. 

One can introduce the interface degrees of freedom on a sharp interface 
without further breaking of supersymmetry as in Ref. [3]. Our result suggests 
that one could introduce a more general class of interface Lagrangian to our 
more general Lagrangian with more parameters and less supersymmetries. 
It would be interesting to explore these Lagrangians and their properties. 

This paper is presented as follows: In Sec. 2, we review the 8 supersym- 
metric Janus Yang-Mills theories in four-dimimensions. In Sec. 3, we study 
the vacuum structure of this theory. We raise the possibility of vacua pre- 
serving only two supersymmetries. In Sec. 4, we consider 1/2 BPS field con- 
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figurations. In Sec. 5, we focus on the sharp interface for the coupling con- 
stant. The image charges for the magnetic monopoles and electric charges 
are found. The wave propagation and reflection at the interface is stud- 
ied. In Sec. 6, less supersymmetric Janus Yang-Mills theories whose coupling 
constants may have additional space-time dependence are explored briefly. 

(While this work is written, a paper [19] has appeared where there is 
some overlap. We feel some of points raised here seem new.) 



2 A Brief Review of 8 Supersymmetric Janus 
Lagrangian 

We start with the ten-dimensional supersymmetric Yang-Mills Lagrangian is 
Co = -^i(F MN F MN + 2if r M D M f) , (2.1) 

where M,N = 0,1, 2..., 9 and = 0,1,2,3. We use the ten-dimensional 
notation for convenience. The gamma matrices T M are in the Majorana 
representation, and the gaugino field \l/ is Majorana and Weyl. The spatial 
signature is ( h + + ...+). The Lagrangian is invariant under the super- 
symmetric transformation 

5 A M = if F M e , 5 V = l -T MN eF MN , (2.2) 

where the supersymmetry (SUSY) parameter e is Majorana and satisfies the 
Weyl condition, 

r 012 - 9 e = e . (2.3) 

As we consider 1 + 3 dimensional space-time , the remaining 

spatial gradient du = with M — 4, 5 • • • 9 and the gauge field A M become 
scalar fields <pM with M — 4, 5 • • • 9. In four- dimensional space-time, one can 
have an additional term in the Lagrangian 

6 1 

C e = -TzF^Fuv = -^WdJ , (2.4) 

32tt 2 M 8tt 2 M ' V ; 

where the dual field strength is F^ = e^ upa F pa /2 with e 0123 = 1 and is 
the Chern-Simons term, W» = e tiUvp Tr(A v d p A a /2 - iA p A u A p /?>). As C e is a 
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total derivative, the supersymmetry of the original Lagrangian £ would be 
intact. 



We are interested in the case where the coupling constants e 2 , 9 depend 
on space-time coordinates. The original Lagrangian £ + Cg is no longer 
invariant under the original supersymmetric transformation modulo a total 
space-time derivative. Fortunately, one can maintain some of supersymme- 
tries if one modifies the supersymmetric transformation of the gaugino field 
by and also the Lagrangian by additional terms, which depend on the 
derivatives of the coupling constant. For this work, we need to take the space- 
time dependent supersymmetric parameter e(x). The Lagrangian £ + Cg 
transforms under the supersymmetric transformation 5q of Eq. (12.21) nontriv- 
ially as follows: 

5 (C + Cg) = -^(^)Tr (F MN MT MN T»e) 

-^Tr(F M7V ^r MA V) + (M>j^Tr{F vp i^>T a e) .(2.5) 

The additional transformation of the original Lagrangian due to 8\fy would 
be 

SiC = ~d, (J-\ iTriVVSiV) - ±Tr(iVr M D M 6i*) ■ (2.6) 

Let us focus on the case where the coupling constants e 2 , 6 depends only 
on the x 3 = z coordinate. It has been shown recently in Ref. [3] that the half 
of the original supersymmetry could be maintained if the spatial dependence 
of two coupling constants is constrained so that 

— = Dsm2ij;, 9 = 9 + 8iv 2 D cos 2ip . (2.7) 

e 2 

with the space-time dependence arising only from ip(z), which can be an 
arbitrary function. Note that in the limit D — > oo, 9 — > =poo and ip(z) — > 
0,7r/2 with the combinations Dtp(z) and #0 ± 8ir 2 D kept finite, the space- 
time dependence appears only in the fine structure constant 47r/e 2 . Notice 
also that a constant shift of 9 by 2ir does not change physics. The complex 
coupling constant becomes 

r = ^ + ^ = r + 4vr J De 2 ^, (2.8) 
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where r = 6q/{2tt). 



With the coupling constants given by Eq. fl2.7p . eight of the original 16 
supersymmetries can be preserved [3] • The condition on the supersymmetric 
parameter e compatible with the Weyl condition (12.31) is 

/ \ M z ) p0123 

e{z) = e 2 e 

with a constant spinor eo such that 

r 3456 6 = e . (2.10) 

This condition also breaks the global 5*0(6) symmetry which rotates 4, 5, 6, 7, 8, 9 
indices to 5*0(3) x 50(3), each of which rotates 4, 5, 6 and 7, 8, 9 indices re- 
spectively. As r 012 " 9 e = e, we get r 3456 e^ r e = e. The condition on eo is 
identical to the case with the constant 9. 

As the 50(6) symmetry is broken to 50(3) x 50(3), we split six scalar 
fields to two sets each of which are made of three scalar fields. We denote 



(2.9) 



X a =(X 1 ,X 2 ,X 3 ) = (04,05,06), Y a =(Y U Y 2 ,Y 3 ) = (0 7 ,0 8 ,09) . (2.11) 

We will also interchangeably use (Ai, A 2 , A3) = (A 4 , A 5 , A 6 ) and (Yi, Y 2 , Y3) = 
(Y7, Y§, Yg). The indices for T a follow the indices for the scalar field whenever 
they are contracted. To cancel some of the terms in the zeroth order vari- 
ation of the original Lagrangian (12. 5p . one needs to add a correction to the 
SUSY transformation of the gaugino field and also corrections to the original 
Lagrangian. The correction to the original SUSY transformation (12.21) is 

6xA M = 0, 5i$ =^T 3 ((r- A) cot?/;- (r • Y)tan^)e , (2.12) 

where the prime means d/dz. The correction to the original Lagrangian is 
made of two parts. The first correction, which depends on the first order in 
the derivative of the couple constant, is given as 

& = -^THf (-r 012 + ^r 456 -^r 789 )* 

Ae 1 sin^ cos^ 

+^Tr(-^—X 1 [X 2 ,X 3 }+-^ T Y 1 [Y 2 ,Y 3 \) . (2.13) 
e z V sin^y cos^ / 
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The second correction is quadratic in the derivatives of ip so that 
1 

2^ 



(2.14) 



The total Lagrangian £ = £ + £-e + £i + £2 is invariant under the corrected 
SUSY transformation, 

5 A M = (5q + SJAm = iVT M e, 
5* = (S + <Si)\& 

= ^F MiV r M7V e + ^'r 3 (cot^(r-X)-tan^(r-F))e . (2.15) 

Redefine the scalar fields so that 

X a = X a sin ^ , Y a = Y a cos ^ • (2.16) 

The correction to the supersymmetric transformation of the gaugino field can 
be absorbed as 

sv = ( \f^ v + -L-r^x ■ r + _J_ r^y • r + • • ■) e . (2.17) 

V 2 sin ^ cos tp / 

The £2 can be absorbed into the scalar kinetic energy 

1 



C + C 2 = ...-—(-^(D ll X a ) 2 + ^—(D tl Y a ) 2 )+... . (2.18) 
2e 2 Vsm ip cos 2 ip 



C = -—Tr(F^F^ + —F^F^ + —^D»X a D»X a +^^D u Y a Di*Y a 



The whole Lagrangian £ becomes 

1 / p 2 
Tr ( F^ v F v + — — F> 

4e 2 V ^ 87r 2 ^ ' sin 2 ?/; ' cos 2 -?/' 

+ A-Tr ( —^\X\ X b ] 2 + —^-—\Y a } Y h f + — \X a , Y l 
4e 2 VsinV cos 4 ^ sin 2 2^ 

— ^Trfi^r^A^ + -^^>r a Lf a , + -^^r p [y p , m 

2e 2 V sin^ cos-^ 

+i!-Tri*( - r 012 + — r 456 - — r 789 W 

4e 2 sin^ cosV> 

+^Tr(--^ T x 1 [x 2 ,x 3 ] + ^ 7 y 1 [y 2 ,y 3 ]) . (2.19) 

e l V sin 1/) cos 4 ^ 
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The combined SUSY transformation (12.151) becomes 

8Ap = i*r M e, 8X a = -^—VT a e, 5Y P = -^—^T p e 

sin ip cos ip 

5V = ( 1 -f^ + J—D li x a r'» + -J_d y p r«p [x a , y p ]r^ 

V 2 sin ^ cos ip cos ^ sin ^ 

-— ^[X a ,X b }T ab - —L^[%X}T pq )e . (2.20) 
2sm ip 2 cos 2 ip J 

We can choose the gauge group to be any simple Lie group G. 



3 The Vacuum Structure 

The energy density from the above Lagrangian (12.191) is not positive definite. 
To consider the vacuum, we put = and \P = 0. We also put the scalar 
fields can depend only on x 3 = z coordinates. Only nontrivial part of the 
energy density is 

£ = i Tr / K 2 , XI [Xa,x b f fc.np \x a ,Y b f 

2e 2 \sm 2 ip cos 2 ?/' 2sin 4 -^ 2cos 4 ^ cos 2 ip sin 2 ip 



^ 2iip' 



Trf-^-X^Xs] - ^—Y^Ys}) . (3.1) 



e 2 V sin 4 ip ' cos 4 ip 

We rewrite the above energy density as 



S = —Ti(^ + l-e abc ({X b ,X c ]-{Y b ,Y c ]) C osiP-ie abc {X b ,Y c ]smiP 
2e z \sm ip 2 

+^Tr(-^- - l -e abc ([X b ,X c ] - [Y b , Y c }) sin^ - te abc [X b , Y c ] cos^)' 

a 

The boundary term is 

S b = -2z J DTr(x 1 [X 2 ,X 3 ]cot 2 ^ + F 1 [y' 2 ,y'3]tan 2 ^) / 

+zDe abc Tr (x a [Y b , Y c ] + Y a [X b , X c ])' ■ (3.3) 



Assuming the boundary contributions vanish, the energy would be non- 
negative and the classical vacuum would satisfy the vacuum equations 



+ V C ([X 5 ,X C ] - [Y b , Y c }) cosV; - ie abc [X b) Y c ] sin^ = 



sin^ 



JL _ l -e abc ([X b) X c ] - [Y h , Y c }) sin^ - ie abc [X b) Y c ] cos^ = . (3.4) 

COS 1p Zi 

Of course the obvious vacuum configurations satisfying the above equations 
are the Abelian Coulomb vacua, 

X' a = 0, Y' a = 0, [X a , X b ] = [Y a , Y b ] = [X a , Y b ] = 0. (3.5) 

Thus, X a ,Y a are constant and can be diagonalized. As 5^ = of (I2.20p . 
these Abelian vacua are fully supersymmetric. 

The interesting question is whether there exist any nontrivial solution for 
the vacuum Eq. (13.41) . For a constant 9 case, this vacuum equation turns out 
to be the Nahm equation for the magnetic monopoles, and nontrivial vacuum 
are allowed when e 2 vanishes on some planes. This has nice interpretation 
as D3 branes intersecting with D5 branes. In the present case, it is not clear 
at all whether nontrivial, or no n- Abelian, solutions exist. If they do, one 
may wonder the number of supersymmetries preserved. Let us consider the 
generic case. The SUSY transformation for the vacuum configuration would 
be 

5^ = ( X'T 3a + YlT 3p 
\ sin ip cos ip F 

- l -[X a , X b ]T ab - l -[Y p , Y q ]r pq - i[X a , Y p ]T ap )e. (3.6) 

It vanishes for the vacua satisfying the vacuum Eq. (13. 4p only if the SUSY 
parameter eo satisfies the additional conditions 

i e — i e — i e — —e . {<5-<) 

As only two of the above conditions are independent, any generic non- Abelian 
vacuum, if exist, would break the number of supersymmetries to two. 

When 9 is constant, it is known that there may be nontrivial vacua when 
the e 2 (z) vanishes in some points^]. When D3 branes are connecting D5 
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branes, the dilation field vanishes at the location of D5 branes and so the 
coupling constant e 2 (z) in the theory on D3 branes varies while vanishing at 
the D5 locations. The vacua of the theory characterizes D3 branes. After 
T-dual transformation to D1-D3, the vacuum structure characterizes how Dl 
branes end on D3 branes. As Dl branes ending on D3 branes appear as mag- 
netic monopoles, we know that the Nahm equation characterizes Dl branes 
ending on D3 branes. The S-dual version of the above vacuum configuration, 
which appears as the boundary field theory, has been studied by Gaiotto and 
Witten ||]. 



4 BPS equations 

Similar to the constant 9 case, we can introduce two possible 1/2 BPS con- 
ditions: 

r 123 % = eo , r 7 % = eo . (4.i) 

The first one was for magnetic monopoles and the second one was for the 
charged massive particles in the Coulomb phase. With nontrivial 6, the both 
conditions become the 1/2 BPS condition for dyons. If we impose both 
conditions, we would get 1/4 BPS configurations. If there is nontrivial non- 
Abelian vacuum of only two supersymmetries (13.71) . the above BPS condition 
would be incompatible, implying that there would be no BPS dyons in such 
a non-Abelian vacuum. 

With the first condition of (14. ip in the Coulomb vacuum, one can read 
the 1/2 BPS equations for dyons from the supersymmetric transformation to 
be Y a = 0. The remaining 1/2 BPS equations is 

Ei - AA X = 0, 

(Bi + iB 2 ) - cot V(£>i + iD 2 )X 1 = 0, 

B 3 - cot^AA - -r^-r[X 2 ,X 3 ] = 0, 
sin ip 

(D 1 + iD 2 )(X 2 + iX 3 ) = 0, 

D 3 (X 2 + %X 3 ) - cot ip[X x , X 2 + iX 3 ] = 0. (4.2) 

where the electric and magnetic components of the field strength are 

1 

Ei = F i0 , Bi = -tijkFjk ■ (4.3) 
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These equations are consistent with the Gauss law 

A {^Ei + + j 2 ([X a , D X a ] + [Y a , D Yaf) = . (4.4) 

One could impose a further constraint X2 = X 3 = 0, and then the above 
BPS equations become 



B, t - cot ipDiXi = 



Ei - D t X x = . 



(4.5) 



These equations can also be obtained from the energy functional, which 
can be reshuffled to 



H 



d 3 x — -Tr 



(E l -D i X 1 ) 2 + (B 1 -cot^D 1 X 1 ] 



2e 2 

+ (B 2 - cot^AXi) 2 + (b 3 - cot ^£3*1 

+ -l-lDiCXa + iX 3 ) + iD 2 {X 2 + iX 3 )\ 2 
sm ip 

-L-[X 2 ,X 3 ] - cotipD 3 X 2 + D X 3 
sm ip 



sin ip 



[X 2 , X 3 



+ 



sin ip 



[X 2 ,X 3 ]+cotiPD 3 X 3 + D X 2 



+ f d/Tri-X! [Ei - tan ^ + 5 i3 ^-[X 2 , X 3 
J e z \ sm ip 

+ 2D d i TrB l X 1 + (F-dependent terms) , 



^L.TrX 1 [X 2 ,X 3 ] 



sin ip 



(4.6) 



where we have used the Gauss law in completing the squares. Note that 
there are three boundary terms. Among these, the first term vanishes on 
imposing the BPS equations and the second term is zero for Coulomb vacua. 
Therefore, for the half-BPS configurations the energy is proportional to the 
magnetic charge 

H = 2D [ tfxdiTrBiXx . (4.7) 



Thus the 1/2 BPS configuration with nonzero energy would be those with 
X 2 = X 3 = and satisfies Eq . (jPjl . 
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The 1/2-BPS equations for the supersymmetric condition r 70 e = eo can 
be obtained in a similar manner. The resulting equations and the energy are 
exactly the same as Eqs. (14.21) and (14. 7p with X a and ip replaced by Y a and 
7i / 2 — i/;, respectively. After imposing both conditions, we got the 1/4 BPS 
equations, which are complicated and mixed version of the above 1/2 BPS 
equations. One novel aspect of 1/4 BPS equations is that the electric and 
magnetic fields are not parallel to each other. 

Since the solution of the BPS equation is a dyonic object in the presence 
of 9 term, we would like to briefly discuss the Witten effect [TB] in this case. 
Assume that the vacuum is given by 

Tr00 = v 2 , (4.8) 

where <fi = Xi or = Y\ depending of the supersymmetric condition. The 
Noether charge n generating the gauge transformation around the direction 
4> is 

d 3 xTr (-E + J- Bl ) \d4 . (4.9) 
This is quantized as an integer. Using Eqs. (12.70 and (14.51) . we find 

00 ± d] Q M 



In 2 



= (T ±47r£>)n m , (4.10) 

where the upper (lower) sign is for (f> = X\ (Yi). Qm is the magnetic charge 
quantized as Qm = 47rn m with n m being an integer. Therefore, for 1/2-BPS 
solutions to survive quantum mechanically, the parameters in the coupling 
should be quantized. Note, however, that there is no simple relation between 
the electric charge and the magnetic charge if the couplings are not constants. 
For example, with Eq. (l4.5p . 

Qe = j d z xd{Ti (J^EiX^j =2D J cftr^Tr (^-^B^ . (4.11) 

The electric charge would have been a sum of Noether charge and that of the 
Witten effect if 9 is constant. 
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5 Sharp Interface 



Here, we consider the 1/2-BPS case that the coupling constants e 2 (z),6(z) 
change from one value to another at a sharp interface so that 

(e,e^) = l ieu9lM iOIZ> °. (5.1) 
\{e2,02M for z<0 K J 

As there is no matter source at the interface, we get various continuity condi- 
tions from the equations of motion. The following quantities are continuous 
at the interface z = 0: 

Eh i}^ 3 + 8^ 3 ) ' " 8^) ' 

X a , DiX a , cotVAA, Y p , DiYp, tanVWp, (i = 1,2). (5.2) 

From this boundary condition we see that, if 9 is not constant, electric charge 
is induced on the boundary, which is proportional to the magnetic flux $ 
through the boundary 

gr ccd =/^(^.) = ^$. (5.3) 



5.1 Reflection and transmission of waves 

Let us consider now a massless wave propagating toward the interface of the 
two coupling constants from z > region. The fields and their derivatives in 
(15.21) should be continuous across the interface z = 0. A part of the incident 
wave will be reflected and the rest may get refracted or transmitted. Let us 
call the electromagnetic field of the incident wave to be E, B, the reflected 
wave to be E", B" and the transmitted wave to be E', B'. The continuity 
equations at z = are 



(E + E"-E')xz = 0, 
(B + B" - B) • z = , 



^4-> + E") + Ae']xz = 0. (5.4) 
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The space-time dependence waves would be e 



-iwt+ik-x. „— i«ii+*k"-x 



and e 



-iuit+ik'-x 



for the incident, reflected, and transmitted waves, respectively. The wave 
equation at each region and the above continuity equations imply that 



w 



lk"| = Ik'l 



k', 



(k + k") -z = 0. (5.5) 

Thus the transmitted wave is not refracted at all. After taking out the 
space-time dependence, we can express the electric fields of the reflected and 
transmitted waves in terms of the the incident wave. The amplitudes of the 
transmitted electric fields is given by 

sin 2-01 



E' 



[cos(V>! - ^2)E - sin(V>i - 2 )B O ] 



(5.6) 



sin(^i + ip 2 ) 

Note that the polarization direction is rotated. For the reflected electric field, 
the expression explicitly depends on the incident angle and will not be shown 
here since it is rather complicated. However, if the incident electric field has 
the form E = £'o(cos2'0 1 m + sin2^!n), where m is the unit vector normal 
to the plane formed by z and k and n = k x m, it can be written in a simple 
form 



Eg 



sm(0! - 4> 2 ) A 
sm(^i + 2 ) 
sin(^i - if} 2 ) 



cos 2ipi~E + sin 2ip 1 'B ) . 



(5.7) 



sin (0i + 2 ) 

The expression in the second line also holds when the incident wave is normal 
to the xy plane. The corresponding magnetic fields can be obtained from the 
relation B = — x E. The reflection and the transmission coefficients defined 

w 

as Eq = tEq, E' = tEo are however independent of the details of the incident 
wave and are always given by 

sin(V>i - 02 ) 



sin(-0! + ip 2 



sin 2-01 



sin (-01 + "02 



(5.J 



5.2 Gauge fields of a single dyon in the Abelian limit 



For simplicity, we consider the SU(2) gauge theory which is broken sponta- 
neous to U(l) subgroup by the Higgs expectation values at the vacuum 



(5.9) 
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The diagonal components of the fields will be massless, and off-diagonal ones 
will be massive. We solve the 1/2 BPS Eq. (14. 5 p in the Abelian limit where 
the non-Abelian core size vanishes. For definiteness, we work with the first 
condition of Eq. fl4.ip . For a single dyon with charge (q,g) at z = a > 0, 
electric and magnetic fields would have the form 



3 r jz — zs , z > U 



9 (x,y,z-a) . g' (x,y,z+a) 

I 4-7T 47T 

" g" (x,y,z—a) 
4-7T ' 



z < 



e\g (x,y,z-a) , e\q' (x,y,z+a) q 
E =<^(.,i-a) _ ( 5 - 10 ) 

where = x 2 + y 2 + (2 =F a) 2 and the group factor er 3 /\/2 is omitted for 
simplicity. The image charges (q', g') and (q", g") are to be determined from 
the BPS equations and the boundary conditions. The configuration of scalar 
field X\ may be obtained by integrating the electric field through Ei = DiX\. 
From the BPS equation Ei = t&nijjBi, it immediately follows that 

g=^tan-^!, q' = ^tanipx, g" = tan^ 2 . (5-H) 

e l e l e 2 

In addition, we have four equations from the boundary conditions Eq. fl5.2p . 
Since we have only three unknown charges it may look over constrained. 
However, with the help of the relation Eq. fl2.7l) between e 2 and 9, we can 
find a solution satisfying all the equations, 



sin(-?/>i — 

l 



g' = 
.a 



sin(V>i + ip 2 ) 
sin ipi cos ip2 



q' = -2gD 



sin(^i + ip 2 ) 

sin 2 ipi sin(^i — ip 2 ) 



sin(^i + ip 2 ) 



q" = AD ^<f'k<x»'k (512) 

sm(^i + ip 2 ) 
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The magnetic and electric fluxes to the northern and southern hemispheres 
are, respectively, 

</ = 1(9 + 9'), *!r = i/, 

(5.13) 

and the charges Qm and Qe in Eqs. (l4.10j) and (14.111) are given by the total 
fluxes 

Qm = \{g + g' ' + g")=g, 

Qe = ^{q + q' + q") = 2gDsm4j 1 simp 2 cos(4j 1 - 4j 2 ), (5.14) 

which satisfy Eq.( 14.11l) as it should be. 

One may wonder whether this object has nonzero field angular momen- 
tum. At a first look this has to be the case because a dyon produces nonzero 
angular momentum in the background of an axionic domain wall [18] for 
which 9 changes from zero to 2n, while the coupling e 2 remains a constant. 
For the present case, however, the electric field is proportional to the magnetic 
field thanks to the half-BPS equation and hence the field angular momentum 
defined by 

M = Jd 3 xrx(ExB). (5.15) 

is identically zero. 

The magnetic flux through the xy plane is 

^ = = -\g\ (5.16) 

which induces electric charge on the boundary as in Eq. (l5.3p . If the dyon is 
on the negative z axis (a < 0), the corresponding magnetic flux on the xy 
plane would be 

n? = \g"\i~2- (5-17) 

Let us now consider the situation that a dyon with charge (q, g) at z < 
region passes from the xy plane to z > 0, where q = gtan^/e 2 , as given 
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in (15. lip . Since the coupling constants change from (e 2 ,#2) to (ei,#i), the 
charge should change to (q,g), accordingly. It is interesting to check how 
the conservation of electric charge works. In fact, as the dyon passes the xy 
plane the induced electric charge (15.31) should also change due to the change 
of magnetic flux, which is given by 

A$ = <£> a >°(q,g)-<S> a < (q,g) 

sin ipi cos ip2 sin ip2 cos ip\ 

= -9—^-, — — rr-y- 



sm(ipx + 1P2) sin(^i + ip 2 ) 
-g. (5.18) 



Then, 



A Q%*~* = _±_± gm (5.19) 
This is to be compared with the change of the electric charge of the dyon 



Aq = q — q = -^2 tan — tan ip 2 , (5.20) 

e i e 2 

where we have used Eq. (l5.11|) . On using Eq. (l2.7l) . this is precisely cancelled 
by AQ^ duced in Eq. (15. 191) . Usually the induced charge on the axion domain 
wall is due to the polarization of fermions, which led the photon-axion inter- 
action. In our case, a further study is needed to clarify the exact nature of 
the sharp interface. 

If the 1/4-BPS configurations are considered, the electric and magnetic 
fields are not parallel to each other in general, and more richer configurations 
with nonzero angular momentum would appear near a sharp interface. The 
detail will be left as an exercise. 



6 Additional Susy Breaking Janus 

Let us consider the further supersymmetry breaking Janus configurations. 
This could happen two ways. First is to have additional terms in the La- 
grangian while keeping the coupling constant t(z) depending only on one 
spatial coordinate. Another is to introduce additional space-time depen- 
dence to the coupling constant and then correct the Lagrangian. We have 
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done a full classification in Ref. [3] without the 9 term, and the same clas- 
sification works for the present long as we keep the supersymmetric 
condition on eg, which we describe in the following. 



6.1 the t(z) case 

In this subsection we are still interested in the case where the coupling con- 
stant e 2 (z),6(z) depends only on one spatial coordinate. We can impose 
additional constraints on the susy parameters eo, which is compatible with 
what we have already imposed. We then find the corrections to the La- 
grangian and SUSY transformation, which needs on several undetermined 
parameters. Depending on the value of these parameters, the number of 
preserved supersymmetry would be 8, 4, or 2. 

We impose on the ten-dimensional Majorana Weyl spinor e, the four 
conditions including one in (I2.10p . 

r 3456 6o = eo , r 348 % = - eo , r 3597 e = -e , r 367 % = - eo . (6.1) 

As the product of the above four conditions is an identity, there are only 
three independent conditions, breaking the supersymmetry to l/8th or two 
supersymmetries. 

To cancel the supersymmetric variation (12.51) we add to the Lagrangian 
the following three terms: 



_p012 + _^( C|jr «6 _ Cir 489 _ ^pSS! _ pOT) 

sin^> 



■(cor 789 - Cl r 567 -c 2 r 648 -c 3 r 459 ) 



cos if) 

2if)' 
e 2 sin if) 

2if)' 
e 2 cos if) 

9 

C 3 = J>/Tr^, (6.2) 

7=4 



^2 = ~^ o2r ,^„/. Tr ( C °^ 4 ^ 5 ' ^ _ C 1<M08, hi ~ C205[09, fa] ~ C 3 0e[07, M) 
+ \2 „„„;. Tr ( C °^ 7 ^ 8 ' ^ ~ C 1^5[06, fa] - C 2 6 [04, 4>8\ ~ C 3 <M05, fa}) 
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where 

rj = Dip' 2 [cj(ci+sm 2 ■0) cot ip+{l— cj)(l— c/+cos 2 ip) tan-0]— Dx(j"(cj— sin 2 0), 

(6.3) 

and c/'s are real constants satisfying 

c + Ci + c 2 + c 3 = 1 , 

C 4 = C + Ci, c 5 = c + c 2 , c 6 = c + c 3 , 

c 7 = c 2 + c 3 , c 8 = ci + c 3 , c 9 = ci + c 2 . (6.4) 

The correction of the supersymmetric transformation is 

5^ = -0'(cot • X - tan 0T • Y)r 3 e , (6.5) 

where 

r-x = c ra ^ + c i Z r a </» a + c 2 ^ rv a + c 3 ^ r> a , 

a=4,5,6 a=4,8,9 a=5,9,7 a=6,7,8 

r-y = c rP ^ + c i Z rP ^ + c 2 Z rP ^ + c 3 Z rP ^- 

p=7,8,9 P=5,6,7 P=6,4,8 p=4,5,9 

(6.6) 

Then the total Lagrangian £ + £-6 + £i + £2 + £3 is invariant under the 
corrected supersymmetric transformation. For a generic values of constants 
cj, the number of supersymmetry is two. If two of Co,Ci,c 2 ,c 3 vanish, it is 
enhanced to four. If only one of them is nonvanishing, we will have eight 
supersymmetries as in the previous sections. 

6.2 the r(y, z) case 

In our previous work [5], we classified all supersymmetric theories with com- 
patible intersecting Janus interface, both in the two-dimensional and three- 
dimensional case. One can work out a similar analysis to the current case 
with the nontrivial 9 term. Let us first focus on the case where the coupling 
constants are functions of two coordinates e 2 (y,z) and 8(y,z). As before, 
compatible supersymmetric conditions can be expressed by introducing a 
constant Majorana Weyl spinor eo defined by 

e(y,z) = e-^y^ 0123 eo . (6.7) 
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One can impose three compatible supersymmetry conditions 



J- e 


■p3456^ 

— l e 


= eo, 


(6.8) 


— i e 


— l e 


= eo, 


(6.9) 


r 2567^ 

— i eo 


r 3456^ 

— l e 


= e , 


(6.10) 


r 3489^ 

l e — 


r 3597^ 

l e — 


r 3678, _ 

J- e — — e . 


(6.11) 



which implies 

r 2648^ 

J- e c 

Each condition breaks the supersymmetry to 1/2 and imposing the three at 
the same time breaks the supersymmetry to the minimal one 1/16. 

With these super symmetric conditions we consider the following interface 
Lagrangian 

C 1 = - ^Tr ft r 012 *) + i^Tv (tr 013 *) 

4 e 2 V I 4 e 2 V / 

+ i^Tr (^(csc^M 3 - sec i[>N 3 )V) + z^Tr (csc^M 2 - sec i/jN 2 ) V) , 

(6.12) 

and 



£ 2 = 

e 2 


h[4>5, 


0e] - ci< 


h[4>8, 


fo] 


- c 2 ( 


h[> 


^9, 


07] - C 3 ^ 


M 


07,08]) 


d 3 tp 

+ 2i — — sec V'Tr (c <; 
e l 


M08, 


0o] - c x <; 


M06, 


07] 


- c 2 (, 


M« 




08] - C 3 (, 


M 


05,09]) 


— 2i-^—- esc tpTi (6 <; 
e 2 


h[<f>8, 


0g] - &1< 


h[(f>6, 


07] 


- &2<5 


M' 


^4, 


M - h(, 


M 


05, 0g]) 


+ 2i-^$- sec ^Tr (& <; 




0e] - h<, 


h[4>8, 


09] 


- b 2 (, 


M« 




fa] - h(, 


M 


07,08]) , 






















(6.13) 



(m 


= 2, 3) are 


matrices defined by 


M 3 


= c r 456 - 


Cl r 489 - C2 r 597 - C3 r 678 


N 3 


= c r 789 - 


Cl r 567 - C2 r 648 - C3 r 459 


M 2 


= 6 r 789 - 


^r 567 - 6 2 r 648 - 6 3 r 459 


N 2 


= _ ( &0 r«6 _ 6ir 489 _ ^597 _ ^678 



(6.14) 
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and Cj, hi are real parameters satisfying 

3 3 



i=0 i=0 



so that there are six independent parameters. For convenience we also denote 

(2) (3) 

c a = b a and c a = c a . Note that the following properties hold for M m and 



N ■ 



r u S M e = N e 



^0123^ 

(cos^M m + sin^iV m )e = T m e. (6.16) 



Now we define the correction to the supersymmetric transformation (12.21) 
8x® as 

SjV = -d 3 ^pB 3 T 3 e - d 2 ipB 2 T 2 e, (6.17) 

where 

9 9 

B m = cot ^ ci m) r a a - tan^ c<$, p^ , (m = 2, 3), (6.18) 

a=4 a=4 
T _ , i ■ • (m) (m) . _ . , f (m) (m) (m) 

m this expression c\ , . . . , c g are given m terms or c\ , c 2 , c 3 as 

c 4 = c + Ci, c 5 = c + c 2 , c 6 = c + c 3 , 

c 7 = c 2 + c 3 , c 8 = ci + c 3 , c 9 = ci + c 2 , (6.19) 

and 

b A = b 2 + h, b 5 = b 1 + b 3 , b 6 = b\ + b 2 , 

b 7 = b + b u b 8 = b + b 2 , b 9 = b + b 3 . (6.20) 

The index a is understood to be cyclic in 4, 5, . . . , 9, i.e., c w = c 4 , Cn = c 5 , 
and so on. With these, it is not difficult to show that 



( cos if; M m — sin ijj N m ) B n e 



+ 2 ]T ^ cot i, - S% tan ^)F a cf> a 



a=4 



T m e. 



(6.21) 
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Also note that fora = 4, 5, . . . , 9, 



c a + c a +3 — 1, 

Ca.ba+3 ~ b a C a+ 3 = C a — b a , 

C a +3 - b a+3 = -(C a - b a ). (6.22) 

We are ready to find the supersymmetric Langrangian. First, one can 
show that the zeroth variation 5q{C$ + C\ + £2) is cancelled by the first order 
terms from 5\Ci. The only nonvanishing terms are 8\£.i and the second order 
terms from S\Cq, which should be cancelled by introducing another term £3 
in the Lagrangian. Utilizing the above properties among the parameters and 
matrices, it can readily be shown that the desired term is 



& = - E ^P- E [ c i m) c 1 + c i m) csc2 + + sec2 ^) 

m=2,3 a=4 

+ E |rE[4 m) cot^-cStan^ 

a=4 

(csc 2 -0 - sec 2 ip) E ( c " ~ ^a)Tr(0 a a . 



m=2,3 a=4 

d 2 i>d 3 i> 



,y a-\-3 j 

e z ^— ' 

a=4,5,6 

H — (cot^ + tan^) ^ (c Q - fr Q )Tr(0 a a+3 ). (6.23) 

a=4,5,6 

Then the full Lagrangian £ = £0 + £# + £1 + £2 + £3 is invariant under the 
suuper symmetric transformation (5q + <5i)£ = 0. 



6.3 the r(x : y : z) case 

When the coupling constants depend on all three coordinates, e 2 (x, y, z) and 
8(x,y,z), there are two independent supersymmetry conditions: 

■pl467^ _ r 2475^ _ r 3456^ _ , 

1 e — 1 e — 1 e — e , 

r 1458 e() = r 2468 e() = j.3478^ = ^ ( g M) 
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As in the previous section, we define 

Ml = ai r 467 + a 2 r 458 , Ni = ai r 589 + a 2 r 679 , 
m 2 = ^r 475 + 6 2 r 468 , n 2 = hr 689 + & 2 r 597 , 
m 3 = Cl r 456 + C2 r 478 , A^ Cl r 789 + c 2 r 569 , (6.25) 

where parameters satisfy the relation 

a-i + 0-2 = h + b 2 = ci + c 2 = 1. (6.26) 
The correction to the supersymmetric transformation is 

<5iA = -d^B^e - d 2 tpB 2 T 2 e - d 3 tpB 3 T 3 e, (6.27) 
where B m (m = 1, 2, 3) are given by 



£? m = cot^ (rV 4 + J] Cj (m) rV t ) -tan^ ( r 9 9 + J](l- Cl M )P0, 

(6.28) 



i=5 / \ i=5 

and here we introduced the notations as before, 



a 5 — a 2i a 6 — Ol) O'l — a li a 8 — a 2i 

h = h, h = h, h = bi, b 8 = b 2 , 

C5 — c li c 6 — c l) c 7 = c 2; Cg = C 2 , 

c^=a h cf ] =b h cf ] = Ci (z = 5,6,7,8). (6.29) 

Then the correction terms to the Lagrangian again turn out to consist of 
three terms: 

& = - ^Tr[9i^Ar 023 A + <9 2 <Mr 031 A + <9 3 <Mr 012 A 

— diip\(csafjMi — seapNi)\ 

— <9 2 -0A(csci/W 2 — sec^iV 2 )A 

— <9 3 ?/>A(csc ipM 3 - sec ^iV 3 )A] , (6.30) 

C 2 = - 2i^— Tr{csc^(ai0 4 [0 6 ,0 7 ] + a 2 4 [05,0s]) - sec^(ai0 5 [0 8 , <j) 9 ] + a 2 6 [</> 7 , 9 ])} 

- 2?^-Tr {CSC^(&104[07, 5 ] + &204[06, 0s]) ~ SeC ^(6i0 6 [0 8 , 9 ] + b 2 (f) 5 [(f) 9 , 7 ])} 

- 2i-^— Tr{csc^(ci0 4 [0 5 ,06] + c 2 </> 4 [07, M) ~ sec ^(ci</> 7 [</> 8 , 9 ] + c 2 5 [0 6 , 0q])} , 

(6.31) 
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and 



£3 = " E %^Tr [(1 + esc 2 ^)0 2 + (1 + sec 2 ^)0 2 ] 



2e 2 
(<9 m V) 2 



m=l 

3 

m=l i=5 



E Tr [l + (cS m) ) 2 esc 2 V + (1 - c, M ) 2 sec 2 ^] ■ 



^ 2e 2 



m=l 
1 

^2 



COt V' 04 + E C 



S m V 2 



i=5 



- c, 



! m) ) 2 2 



i=5 



[di^c^VKcsc 2 ^ — sec 2 -?/') — 8xd2ip(cotip + tarn 
x Tr [(a 2 - &i)05</>6 + (ai - &O07<; 
2 [82^83^ (esc 2 ip — sec 2 ip) ~ 8283^(001 ip + tan • 

X Tr \(b 2 - Ci)0 6 07 + (61 - Ci)0 5 8 ] 

2 [^^^^(csc 2 ip ~ se ° 2 ip) ~ dsditJj(cot ip + tan^O] 

x Tr [(02 - fli)0 5 07 + (ci - ai)060s] • 
It is straightforward to show that the full Lagrangian is invariant, 

(6 + 50(A) + A + A + A + A) = 0. 



(6.32) 



(6.33) 
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